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Abstract

Numerical computation of forward kinematics for
an in-parallel interface are developed which conform
to the needs of real-time haptic rendering. This ap-
proach produces a computationally fast algorithm for
computing Cartesian position and orientation from ac-
tuator position measurements. Explicit bounds on the
convergence rates are derived which can be used to
design appropriate computational strategies to maxi-
mize control loop cycle times, yet preserve acceptable
accuragcy.

1 INTRODUCTION

Parallel mechanisms have well known advantages
for haptic interfaces [1], [2], including low moving iner-
tia, high stiffness, and high bandwidth transmission of
forces to the operator. Disadvantages include reduced
workspace compared to serial chain mechanisms, and
computationally expensive forward kinematics [3], [4].

This paper is motivated by a 5 degree-of-freedom
(DOF) parallel interface designed by the authors for
scientific visualization using a stylus. As currently
configured, the interface provides haptic rendering in
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3 Cartesian translations and 2 orientation angles. Ori-
entation changes about the stylus long axis are difficult
to accomplish using a pencil grip, and have limited
value in data rendering, hence this sixth DOF is nei-
ther sensed nor controlled. See Figure 1. The stylus
is actuated by 5 prismatic joints, which produce axial
forces on rods that connect actuator units mounted
on a hexagonal ring to end points of a stylus held in
the operator’s hand. This produces a workspace that
is compatible with the range of motion of an opera-
tor’s hand and wrist when the elbow is placed on a
horizontal rest. Scientific data is rendered haptically
(e.g. as a virtual surface) by prescribing particular
Cartesian forces and torques on the operator’s hand
as functions of Cartesian translation and orientation
motions. Cartesian position is derived from measure-
ments of the length of each actuator rod via the for-
ward kinematics mapping.

As in other work (e.g. [5]) this paper uses an it-
erative numerical approach to solve the forward kine-
matics problem. We discuss how the haptic interface
application is particularly well-suited to a numerical
solution, and contribute bounds on initial conditions
and algorithm parameters that guarantee specific ex-
ponential convergence rates. These bounds can be
used to design computational schemes which minimize
cycle time subject to desired levels of accuracy.

Section 2 derives bounds for the Cartesian location



Figure 1 5 DOF haptic interface being used in data
rendering experiments for scientific visualization.

of the left and right end points of the stylus, which
completely describe its position and orientation within
the 5 degrees of freedom. The conservativeness of the
bounds are examined in Section 3 using data from the
haptic interface in operation.

T U ND OINT
IN ATIC

Cartesian translation and orientation of the stylus
in 5 DOF (i.e. excluding roll of the stylus about its
long axis) is completely determined from the Carte-
sian location of the stylus end points and . This
section presents a numerical algorithm for calculating
the location of and  from measured rod lengths
connecting the stylus to 5 actuators arranged on a
hexagonal base. Figure 2 shows a schematic of the
stylus and actuator rod arrangement. Although the
inverse kinematics are simple and in closed form, the
forward kinematics are needed to convert measured
rod lengths to Cartesian position for haptic data ren-
dering. The forward kinematics are not so simple,
in general requiring the solution of high order poly-
nomial equations [4]. This is difficult to accomplish
in real time when high sampling rates are desired for
good haptic rendering (e.g. high virtual stiffnesses).
Fortunately, high accuracy is usually not needed in
this application, since human perception limits what
errors can be detected in data rendering due to inac-
curate measurement of Cartesian position. Note how-
ever, that perception of edges or jumps in forces is
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Figure 2 Schematic of the haptic interface showing
how actuator rods are connected to points  and

on the stylus. The actuators lie in the plane of the

paper, and the stylus moves in a workspace above this
plane.
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highly acute [ ], [ ], requiring Cartesian position es-
timates that are smooth functions of haptic interface
motion.

The goal is thus to find a fast online estimation
method for calculating the positions of and  with-
out actually inverting the inverse kinematics map.
Speed and smoothness are of primary importance, pro-
vided that bounds on estimation error are within rea-
sonable values.

The inverse kinematic map from
Cartesian stylus end point coordinates to rod
lengths  at any time is defined by the following
five expressions for rod lengths, together with an ad-
joined stylus length expression.

( ) ) )
( ) ) )
( ) ) )
( ) ) ( )
( ) ) )
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Figure 3 Position Estimation Algorithm

is the length of the stylus, which is fixed. The
are Cartesian locations of the 5 actuators, as illus-
trated in Figure 2.

Since the inverse kinematics () are easy
to calculate, our strategy is to iterate on an esti-
mated value  for the Cartesian position , using a
Newton- aphson method based on the estimation er-
ror ( ) () to improve the estimate at each
iteration The correct update direction is found
via the acobian of the forward kinematics map

(), since cC )
is found as the inverse of the . To maxi-
mize speed we wish to use a fixed  rather than up-
date it with each iteration. We choose the acobian
of the inverse kinematics map at a nominal location
( ( )) . The resulting algorithm

is defined by

( ) 2)

where the step size is chosen (below) to obtain fast
convergence of to . Figure 3 shows this itera-
tive scheme in block diagram form. Observe that this
algorithm contains an integration of the rod length
prediction error, which amounts to a low pass filter-
ing operation on measured rod length signals. ence
estimated Cartesian positions are inherently smooth
functions of rod lengths.
n an implementation, the actual Cartesian position
will be constant on intervals of length , where
is the number of iterations of the estimation algo-
rithm between sensor updates  of the measured rod
lengths ence the are also constant on length
intervals. f the initial estimate on one such
-interval is in a small enough neighborhood of the
actual value , and this is close enough to the
nominal location for and (where the acobian
is correct), this algorithm converges, i.e. provided that
remains constant for all , lim .
n the haptic interface application, a more useful re-
sult would be a bound that guarantees a certain re-
duction factor in over a finite number  of

algorithm iterations, where this bound depends explic-
itly on the size of the initial estimation error and the
physical distance from the nominal position. Such a
bound would support the selection of computer hard-
ware and the design of software to provide the desired
speed accuracy trade-off.

The Theorem and emmas 1 and 2 below develop
such a bound. This bound depends on a linearization
error and a acobian error  defined as follows.

Expand () in a Taylor series around
c) ) X ) )
3)
C X ) )
Now let
Then
¢ )0 ) ) (4)
Also, define the acobian error by
() ( ) ()
where is the identity matrix. With the

Euclidean norm of a vector, and () the maximum
singular value of a matrix, we have the following ex-
plicit bounds on convergence rate

Suppose that for all estimation errors
within a ball of radius , and for all positions

within a ball of radius 2 of the nominal position

, there exist bounds and ( ) such that
( ) ()
() ) 1 ()

where is the least upper bound of the quantity on
the left in ( ). Then if the actual position is fixed
on the -interval [1 ], choosing 1in (2)
results in

[t ] ()

emark Cartesian position estimation error is
exponentially decreasing during the  computational
cycles of one data sampling interval, resulting in a
net reduction factor applied to the initial error
on each interval. The low pass filter dynamics of this
algorithm therefore have the effective time constant
( In ) sec., where is the data sampling



period. and can then be designed to achieve de-
sired convergence speed, or to manage stability margin
erosion in a Cartesian control loop due to phase lag in
the kinematics calculation.

Proof Substituting (4) into (2)

¢ ) ( )
Since the actual position is fixed, and
() ( ) ()
sing (5), we get
( )
Thus with ( ) and the triangle inequality
1 () C )
(1)
and with ( ) and 1
v a (11)
Since 1, it can be seen that the bracketed expres-
sion in (11) is minimized for 1, establishing the

result (). |

We now take advantage of the special structure of
and its associated  for parallel mechanisms to obtain
the bounds and ( ) for the acobian error in terms
of the ball radii and 2 .

et be the vector of rod lengths corresponding
to the nominal positio. et and be the
Cartesian positions of the left and right ends of the
stylus in the nominal position.

each lie within a ball
, respectively. Then

Suppose and
of radius of and

2 and

() ¢ ) (12)

where

(13)

emark Note that the bound on the acobian error
is directly proportional to , the Euclidean distance of
each end point from its respective nominal position.

Proof et ( ) () then
() CC ) )

using (5)
() C )
() C ) ) (14)
Since ( ) isfixed, we now proceed tobound ( )
as and each vary within the

ball of radius . The acobian ( ) of at is

Thus

We now use the result that

() ( )

(15)

where and are the columns of

and respectively. ~ We now find bounds for
() () ( ), starting with ( ). Each row
of , (with 45, ) is
etting

1 1



each row becomes

[ ]

(1)
Since the real position  is within a radius of ,
1 i 1
We note that
1 1
( )
1 1 1
( )
and similarly that
1 1 1
— (1)
( )
With (1 ), we have,
_ _ (1)
( ) ( )

sing (1 ), we see that the Euclidean norm of each

row of is bounded by
— ) — 1 — (2)
ence,
- 1 — (21)
Since  is within a ball of radius of , we
obtain a bound for rows 2 and 3 of similarly
1 (22)
Since (stylus length is fixed), row 1 of
is
( )
( )
( )
The numerator in each component is the sum of dif-
ferences between  and and and , SO we
see that

2

Thus,

2

Finally, the bound is the same as the bound on
the first row of , so that

z (24)

Expression (12) follows from (2 ), (22) and (23). M

We now find a value for the linearization error
bound in ( ). et be the minimal rod length
over the physical workspace, and let be the max-
imal during one data sampling interval  of
algorithm iterations.

f lies within a ball of radius  about
,and  iswithin of  such that ,
then such that and
( )
where
3 1
(25)
a0 ) ()

emark Note that the linearization error is propor-
tional to , the largest initial error between  and the
estimate . Normally, this error is quite small, since
if the algorithm has converged to the correct value for
before motion occurs, subsequent initial errors in
each data sampling interval  will be limited by the
displacement caused by the maximum voluntary mo-
tion speed that an operator can produce multiplied by
the sampling interval

From (3), we have

( ) ) ) X )

So for each row

( ) ) )0 )E)

For rods 2 and 3, we have the following expression for
the gradients (rows of )

()
and for rods 4, 5, and




Figure 4  eometry of the gradient and error calcula-
tion for emma 2.

()

Designate the and  related components of
as and , respectively, allowing (2 ) to be
written as

Define the angle as in Figure 4 for  and the corre-
sponding angle for . (Note the gradient direction
is always radially outwards as in Figure 4 for rods 2- .)
We will demonstrate that for all on a ball of radius

around any actuator , ( ) varies only
as a function of and . Write ( ) as
( )
) () () cos( )
() cos( ) 2)
with () ,and () () cos( )

The underbraced quantities thus depend only on
the magnitude (and not the direction) of  and
relative to the . Since and range over [ 2 ],
the bound on  ( ) will be invariant for any

on a ball of radius around (for 2 3),
and for any  on a ball of radius  around  (for
45 ).

We now address components of ( ) for
rods 2 and 3 in detail. The analysis for rods 4, 5,

is analogous, and will be omitted. od 1 (the ad-
joined stylus) is a special case which we will discuss
separately.

For rods 2 and 3, we pick the convenient point

( ) ( ), where the

gradient is seen to be ( 1 ) since .

The resulting  ( ) in the neighborhood of
this point is

«c o )y 1)
C ) ) )

et lie on the ball of radius
let

about this , i.e.

where so that

( ) 2

We seek the maximum of this function for

— 1

oS
We evaluate at this point and obtain —. The

other rods have a similar bound, so that with
, we have the bound

23 (

45 (

We now find the bound on  ( ) for rod 1.
As for the other 5 rods, we may pick the direction of
and as we wish, since  ( ) only depends
on by the distance between and , which is
fixed at (stylus length). We pick the convenient
point ( 2 2 ) . The gradient
here is (-1, , ,1, , ) and we obtain

( ) ()

Once again, let
travel on a ball of radius
respectively, so that

travel on a ball of radius and
about , and ,




Now ( ) becomes
( ) ) )
Define ) )
, to obtain
() (
() 2
(2)
This gives
( )
() 2
() 2 ( )

Note that the argument of the square root is greater
than ( ) , making the above non-negative. Also,
using and the triangle
inequality , yields

«C )
() 2 C ) C )

We seek the maximum of this quantity over

and we conclude that

( )

( ) 3)

We are now in a position to establish a bound on

( ) as a whole, where (3 ) holds for the first
component of ) and (2 ) holds for the re-
maining five components

( )

()
32 22 2
2 2
32 2
C )3y

Noting that in this construc-

tion, we obtain

3 1
31
( ) 1 ) (31)
which establishes (23). |
CcO ARIN OUND
TO NU RICA R UT

Our haptic interface has the following physical pa-
rameters for rod lengths, where the nominal position
was chosen near the center of the workspace.

() 542
1 5mm
534mm

2233 32 35223234311 mm

The constant is found as follows

2 (32)

where is the greatest speed at which a rod may
move under voluntary control of an operator, and is
the data sampling interval. n our case, using

2 m sec and 25 msec, we obtain Imm.
From emma 2 we get

4

From emma 1 and the Theorem, we obtain the re-
lationship between convergence rate parameter and
distance away from the nominal location as shown
in Figure 5. f is the desired incremental er-
ror contraction factor, then we need mm by the
results of the Theorem. That is, this rate of error con-
vergence is guaranteed, as long as the current physical
locations of the stylus end points and in the vec-
tor  are within mm ( 115 from emma
1) of the nominal location used to obtain the
nominal acobian used in (2). Said another way,
an upper bound on the convergence rate throughout
the workspace can be guaranteed, provided that the
nominal acobian used in (2) is changed with sty-
lus motion to keep the corresponding nominal position

always within mm of the current physical po-
sition. ased on the bound above for motion speed,
12 sample periods update

indicating that we can have 12 sample periods between
successive updates of the acobian.
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Figure 5 uaranteed convergence rates ( ine) and
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tic interface.

() for the 5 DOF hap-

t has been our experience that the actual rate of
convergence of the algorithm is in fact far better than
the bounds above. When mm and 1 mm,
moving in a variety of directions around ,
and moving in a variety of directions around
we computed the empirical convergence rates as

This resulted in values of of around , which are
plotted in Figure 5 as individual points ( ). These
empirical convergence rates were therefore an order
of magnitude faster than the guaranteed rate pro-
vided by the theory. We also found that good conver-
gence ( 2) still occurred when was increased to
4 mm.

CONC U ION

aptic interfaces have unique requirements that
make iterated numerical solutions for kinematic trans-
formations quite suitable, provided that solution speed
and accuracy can be quantified. Explicit bounds on
algorithm convergence rate were provided in terms of
physical parameters of the device and initial estima-
tion errors. These bounds can be used as guidelines
for designing appropriate computational schemes. For
example, it is clear from the case presented that in-
version of the acobian in the recursion for the

forward kinematics is not necessary at each data sam-
ple asingle value (perhaps precomputed) can be used
over a relatively large region of the workspace. The
size of this region is explicitly linked to convergence
rate in our results, providing a tool for making en-
gineering trade-offs in algorithm design, sample rate
selection, hardware architecture, etc.

Analytic bounds are relatively easy to derive in the
case the parallel mechanism studied here, due to the
linear form of the acobian of the inverse kinematics.

ore general parallel kinematic configurations may al-
low similar bounding approaches. This is currently
being investigated by the authors.
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